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Abstract
We derive an identity involving Horadam numbers. Numerous new identities as well
as those found in the existing literature are subsumed in this single identity.
1 Introduction
Our aim in writing this paper is to prove the presumably new identity
ur−swn+m = um−swn+r − q
r−sum−rwn+s , (H)
where r, s, n and m are arbitrary integers and (uj(p, q))j∈Z and (wj(a, b; p, q))j∈Z are the
Lucas sequence of the first kind and the Horadam sequence, respectively, with complex
parameters p and q. Summation identities invoked by identity (H) will also be derived.
Numerous new identities as well as those derived by Horadam [2] and later researchers are
subsumed in the single identity (H).
The Horadam sequence (wn) = (wn(a, b; p, q)) is defined by the recurrence relation
w0 = a, w1 = b; wn = pwn−1 − qwn−2 (n ≥ 2) , (1.1)
where a, b, p and q are arbitrary complex numbers, with p 6= 0 and q 6= 0.
Two important cases of (wn) are the Lucas sequences of the first kind, (un(p, q)) = (wn(0, 1; p, q)),
and of the second kind, (vn(p, q)) = (wn(2, p; p, q)); so that
u0 = 0, u1 = 1; un = pun−1 − qun−2, (n ≥ 2); (1.2)
and
v0 = 2, v1 = p; vn = pvn−1 − qvn−2, (n ≥ 2). (1.3)
The most well-known Lucas sequences are the Fibonacci sequence, (fn) = (un(1,−1)) and
the sequence of Lucas numbers, (ln) = (vn(1,−1). The Fibonacci numbers, fn, and the
Lucas numbers, ln are defined by:
f0 = 0, f1 = 1, fn = fn−1 + fn−2 (n ≥ 2) (1.4)
1
and
l0 = 2, l1 = 1, ln = ln−1 + ln−2 (n ≥ 2) . (1.5)
Denote by α and β, the zeros of the characteristic polynomial x2− px+ q for the Horadam
sequence and the associated Lucas sequences. Then
α =
p+
√
p2 − 4q
2
, β =
p−
√
p2 − 4q
2
, (1.6)
α + β = p, α− β =
√
p2 − 4q and αβ = q . (1.7)
The difference equations (1.2), (1.3) and (1.1) are solved by the Binet-like formulas
un =
αn − βn
α− β
, vn = α
n + βn , (1.8)
and
wn = b
(
αn − βn
α− β
)
− aαβ
(
αn−1 − βn−1
α− β
)
. (1.9)
Thus,
wn = bun − aqun−1 . (1.10)
It also follows that
u2n =
α2n − β2n
α− β
=
(
αn − βn
α− β
)
(αn + βn) = unvn . (1.11)
Setting x = α and y = β in each of the following algebraic identities:
xm − ym
x− y
(xn + yn) =
xn+m − yn+m
x− y
− xmym
xn−m − yn−m
x− y
, (1.12)
(x− y)2
xm − ym
x− y
xn − yn
x− y
= xn+m + yn+m − xmym(xn−m + yn−m) , (1.13)
(xm + ym)
xn − yn
x− y
=
xn+m − yn+m
x− y
+ xmym
xn−m − yn−m
x− y
(1.14)
and
(xm + ym)(xn + yn) = xn+m + yn+m + xmym(xn−m + yn−m) , (1.15)
we find the following multiplication formulas for Lucas sequences:
umvn = un+m − q
mun−m , (1.16)
(p2 − 4q)umun = vn+m − q
mvn−m , (1.17)
vmun = un+m + q
mun−m (1.18)
amd
vmvn = vn+m + q
mvn−m . (1.19)
More properties of Lucas sequences can be found in the book by Ribenboim [3, Chapter 1].
The Mathworld [4] and Wikipedia [5] articles are also good sources of information on the
subject, with many references to useful materials. The books by Koshy [6] and by Vajda
[7] are excellent reference materials on Fibonacci numbers and Lucas numbers.
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Extension of the definition of wn to negative subscripts is provided by writing the recurrence
relation as w−n = (pw−n+1 − w−n+2)/q. Using the Binet-like formulas (1.8) and (1.9), it is
readily established that
u−n = −un/q
n , v−n = vn/q
n . (1.20)
From (1.10) and (1.20), it follows that
w−n =
w−n
wn
wn =
(
(ap− b)un − aqun−1
bun − aqun−1
)
q−nwn . (1.21)
We require the following very general summation identities.
Lemma 1 ([1, Lemma 1]). Let (Xn) and (Yn) be any two sequences such that Xn and Yn,
n ∈ Z, are connected by a three-term recurrence relation hXn = f1Xn−c + f2Yn−d, where h,
f1 and f2 are arbitrary non-vanishing complex functions, not dependent on n, and c and d
are integers. Then, the following identity holds for integer k:
f2
k∑
j=0
fk−j1 h
jYn−kc−d+cj = h
k+1Xn − f
k+1
1 Xn−(k+1)c .
Lemma 2 ([1, Lemma 2]). Let (Xn) be any arbitrary sequence, where Xn, n ∈ Z, satisfies
a three-term recurrence relation hXn = f1Xn−c + f2Xn−d, where h, f1 and f2 are arbitrary
non-vanishing complex functions, not dependent on n, and c and d are integers. Then, the
following identities hold for integer k:
f2
k∑
j=0
fk−j1 h
jXn−kc−d+cj = h
k+1Xn − f
k+1
1 Xn−(k+1)c , (1.22)
f1
k∑
j=0
fk−j2 h
jXn−kd−c+dj = h
k+1Xn − f
k+1
2 Xn−(k+1)d (1.23)
and
h
k∑
j=0
(−1)jfk−j2 f
j
1Xn−(d−c)k+c+(d−c)j = (−1)
kfk+11 Xn + f
k+1
2 Xn−(d−c)(k+1) . (1.24)
Lemma 3 ([1, Lemma 3]). Let (Xn) be any arbitrary sequence. Let Xn, n ∈ Z, satisfy
a three-term recurrence relation hXn = f1Xn−c + f2Xn−d, where h, f1 and f2 are non-
vanishing complex functions, not dependent on n, and c and d are integers. Then,
k∑
j=0
(
k
j
)
fk−j2 f
j
1Xn−dk+(d−c)j = h
kXn , (1.25)
k∑
j=0
(−1)j
(
k
j
)
fk−j2 h
jXn+(c−d)k+dj = (−1)
kfk1Xn (1.26)
and
k∑
j=0
(−1)j
(
k
j
)
fk−j1 h
jXn+(d−c)k+cj = (−1)
kfk2Xn , (1.27)
for k a non-negative integer.
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Lemma 4. Let (Xn) and (Yn) be any two sequences such that Xn and Yn, n ∈ Z, are
connected by a three-term recurrence relation hXn = f1Xn−c + f2Yn−d, where f1 and f2 are
arbitrary non-vanishing complex functions, not dependent on n, and c, d and k are integers.
Then,
XnXn−c(k+1)f2
k∑
j=0
hk−jf j1
Yn−d−ck+cj
Xn−ck+cjXn−c−ck+cj
= hk+1Xn − f
k+1
1 Xn−c(k+1) . (1.28)
Lemma 5. Let (Xn) be any arbitrary sequence. Let Xn, n ∈ Z, satisfy a three-term
recurrence relation hXn = f1Xn−c + f2Xn−d, where f1 and f2 are non-vanishing complex
functions, not dependent on n, and c, d and k are integers. Then, the following identities
hold for arbitrary integers n, c, d and k for which the summand is not singular in the
summation interval:
XnXn−c(k+1)f2
k∑
j=0
hk−jf j1
Xn−d−ck+cj
Xn−ck+cjXn−c−ck+cj
= hk+1Xn − f
k+1
1 Xn−c(k+1) , (1.29)
XnXn−d(k+1)f1
k∑
j=0
hk−jf j2
Xn−c−dk+dj
Xn−dk+djXn−d−dk+dj
= hk+1Xn − f
k+1
2 Xn−d(k+1) , (1.30)
and
XnXn−(d−c)(k+1)h
k∑
j=0
(−1)jfk−j1 f
j
2
Xn+c−(d−c)k+(d−c)j
Xn−(d−c)k+(d−c)jXn−d+c−(d−c)k+(d−c)j
= fk+11 Xn + (−1)
kfk+12 Xn−(d−c)(k+1) .
(1.31)
2 The master identity and some consequences
Theorem 1. The following identity holds for arbitrary integers r, s, n and m:
ur−swn+m = um−swn+r − q
r−sum−rwn+s .
Proof. Since both sequences (un) and (wn) have the same recurrence relation, we choose a
basis set in (un) and express the numbers from (wn) in this basis. Let
wn+m = λ1um−s + λ2um−r , (2.1)
where r, s, n and m are arbitrary integers and the coefficients λ1 and λ2 are to be deter-
mined. Setting m = r and m = s, in turn, gives
wn+r = λ1ur−s, wn+s = λ2us−r . (2.2)
Multiplying through identity (2.1) by ur−sus−r gives
ur−sus−rwn+m = λ1ur−s︸ ︷︷ ︸
wn+r
us−rum−s + λ2us−r︸ ︷︷ ︸
wn+s
ur−sum−r . (2.3)
Thus, we find
ur−sus−rwn+m = us−rum−swn+r + ur−sum−rwn+s
= us−rum−swn+r − q
r−sus−rum−rwn+s ;
so that identity (H) is satisfied identically if r = s and numerically if r 6= s.
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Since r, s, m and n are arbitrary, identity (H) also implies the following identities:
ur−swn+m = un−swm+r − q
r−sun−rwm+s , (F)
ur−swn+m = un+rwm−s − q
r−sun+swm−r (G)
and
ur−swn+m = um+rwn−s − q
r−sum+swn−r . (J)
In the particular cases of Lucas sequences, identities (H), (F), (G) and (J) read:
ur−sun+m = um−sun+r − q
r−sum−run+s , (2.4)
ur−sun+m = un−sum+r − q
r−sun−rum+s , (2.5)
ur−sun+m = un+rum−s − q
r−sun+sum−r , (2.6)
ur−sun+m = um+run−s − q
r−sum+sun−r ; (2.7)
and
ur−svn+m = um−svn+r − q
r−sum−rvn+s , (2.8)
ur−svn+m = un−svm+r − q
r−sun−rvm+s , (2.9)
ur−svn+m = un+rvm−s − q
r−sun+svm−r , (2.10)
ur−svn+m = um+rvn−s − q
r−sum+svn−r . (2.11)
Identities (H), (F), (G) and (J) have unlimited consequences. We list a few.
Corollary 2. The following identities hold for integers n, m, j, r, s and t:
r = 0, s = −m in (H) =⇒ vmwn = wn+m + q
mwn−m , (2.12)
vnwn = w2n + q
na , (2.13)
r = 0, s = −m in (F) =⇒ umwn = unwm − q
maun−m , (2.14)
r = 1, s = 0 in (H) =⇒ wn+m = umwn+1 − qum−1wn , (2.15)
m→ −m in (2.15) =⇒ qmwn−m = um+1wn − umwn+1 , (2.16)
(2.15) − (2.16) =⇒ wn+m − q
mwn−m = um(wn+1 − qwn−1) , (2.17)
wn+m = unwm+1 − qun−1wm , (2.18)
wn+m = um−jwn+j+1 − qum−j−1wn+j , (2.19)
wn+m = un−jwm+j+1 − qun−j−1wm+j , (2.20)
w2n = unwn+1 − qun−1wn (2.21)
w2n = un+1wn − qunwn−1 , (2.22)
w2n−1 = un+1wn−1 − qunwn−2 , (2.23)
w2n−1 = unwn − qun−1wn−1 , (2.24)
r = 0, s = m− n in (H) =⇒ un−mwn+m = unwn − q
n−mumwm , (2.25)
r = 0, s = −m in (F) =⇒ un−mwn+m = u2n−mwm − q
n−munw2m−n , (2.26)
m = 0 in (2.26) =⇒ qnw−n = avn − wn , (2.27)
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use of (2.27) in (2.12) =⇒ vnwm − aq
mvn−m = wn+m − q
mwn−m , (2.28)
(2.12)×(2.28) =⇒ w2n+m − q
2mw2n−m = vmwn(vnwm − aq
mvn−m) , (2.29)
s = −r in (H) =⇒ u2rwn+m = um+rwn+r − q
2rum−rwn−r , (2.30)
m→ −m in (2.30) =⇒ qm−ru2rwn−m = um+rwn−r − um−rwn+r , (2.31)
u2rwn+m = un+rwm+r − q
2run−rwm−r , (2.32)
u2rw2n = un+rwn+r − q
2run−rwn−r , (2.33)
u2rw2n−1 = un+rwn+r−1 − q
2run−rwn−r−1 , (2.34)
r = 1 in (2.30) =⇒ pwn+m = um+1wn+1 − q
2um−1wn−1 , (2.35)
pwn+m = un+1wm+1 − q
2un−1wm−1 , (2.36)
pw2n = un+1wn+1 − q
2un−1wn−1 , (2.37)
pw2n−1 = un+1wn − q
2un−1wn−2 , (2.38)
m = 0, r = t + s in (H) =⇒ utwn = uswn+t−s − q
tus−twn−s , (2.39)
m = 0, r = t+ s in (F) =⇒ utwn = un−swt+s − q
tun−t−sws , (2.40)
m = 0, r = t+ s in (G) =⇒ utwn = un+t−sws − q
tun−sws−t , (2.41)
m = 0, r = t+ s in (J) =⇒ utwn = ut+swn−s − q
tuswn−s−t . (2.42)
The identities in Corollary 2 have interesting implications for the Lucas sequences. The
following list is far from being exhaustive.
Corollary 3. The following identities hold for integers n, m, r, s and t:
wn = vn in (2.13) =⇒ v
2
n = v2n + 2q
n , (2.43)
wn = vn in (2.14) =⇒ unvm − umvn = 2q
mun−m , (2.44)
wn = vn, m = 0 in (2.18) =⇒ vn = pun − 2qun−1 , (2.45)
un+m = umun+1 − qum−1un , (2.46)
vn+m = umvn+1 − qum−1vn , (2.47)
u2m−1 = u
2
m − qu
2
m−1 , (2.48)
v2m−1 = u2m − qu2m−2 , (2.49)
wn = un in (2.25) =⇒ un−mun+m = u
2
n − q
n−mu2m , (2.50)
wn = vn in (2.25) =⇒ un−mvn−m = u2n − q
n−mu2m , (2.51)
(1.17) and wn = vn in (2.28) =⇒ vnvm − (p
2 − 4q)umun = 2q
mvn−m , (2.52)
wn = un in (2.32) =⇒ u2run+m = un+rum+r − q
2rum−run−r , (2.53)
wn = vn in (2.32) =⇒ u2rvn+m = un+rvm+r − q
2rum−rvn−r , (2.54)
u2ru2n = u
2
n+r − q
2ru2n−r , (2.55)
u2rv2n = u2(n+r) − q
2ru2(n−r) , (2.56)
pu2n = u
2
n+1 − q
2u2n−1 , (2.57)
pv2n = u2(n+1) − q
2u2(n−1) , (2.58)
wn = un in (2.39) =⇒ utun = usun+t−s − q
tus−tun−s , (2.59)
wn = vn in (2.39) =⇒ utvn = usvn+t−s − q
tus−tvn−s , (2.60)
s = 0, wn = vn in (2.41) =⇒ unvt + utvn = 2un+t , (2.61)
m = t in (2.44) × (2.61) =⇒ u2nv
2
t − u
2
tv
2
n = 4q
tun+tun−t , (2.62)
p2u2n − v
2
n = 4qun+1un−1 . (2.63)
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3 Summation identities involving binomial coefficients
Theorem 4. The following identities hold for positive integer k and arbitrary integers r,
s, n, m:
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm−su
k−j
m−rwn−(m−s)k+(r−s)j = (−1)
kukr−swn , (3.1)
k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m−rwn−(r−s)k+(m−s)j = q
(r−s)kukm−swn , (3.2)
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m−swn+(r−s)k+(m−r)j = q
(r−s)kukm−rwn , (3.3)
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm+ru
k−j
m+swn−(m+r)k+(r−s)j = (−1)
kukr−swn , (3.4)
k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m+swn−(r−s)k+(m+r)j = q
(r−s)kukm+rwn (3.5)
and
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m+rwn+(r−s)k+(m+s)j = q
(r−s)kukm+swn . (3.6)
Proof. To derive identities (3.1) – (3.3), write identity (H) as
ur−swn = um−swn−(m−r) − q
r−sum−rwn−(m−s) ;
identify h = ur−s, f1 = um−s, f2 = −q
r−sum−r, Xn = wn, c = m − r, d = m − s and
use these in Lemma 3. Identities (3.4) – (3.6) are obtained from identities (3.1) – (3.3) by
interchanging r and −s and s and −r.
Particular cases of identities (3.1) – (3.6) are the following summation identities involving
only numbers from Lucas sequence of the first kind:
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm−su
k−j
m−run−(m−s)k+(r−s)j = (−1)
kukr−sun , (3.7)
k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m−run−(r−s)k+(m−s)j = q
(r−s)kukm−sun , (3.8)
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m−sun+(r−s)k+(m−r)j = q
(r−s)kukm−run , (3.9)
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm+ru
k−j
m+sun−(m+r)k+(r−s)j = (−1)
kukr−sun , (3.10)
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k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m+sun−(r−s)k+(m+r)j = q
(r−s)kukm+run (3.11)
and
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m+run+(r−s)k+(m+s)j = q
(r−s)kukm+sun ; (3.12)
and the corresponding identities involving numbers from Lucas sequences of both kinds:
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm−su
k−j
m−rvn−(m−s)k+(r−s)j = (−1)
kukr−svn , (3.13)
k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m−rvn−(r−s)k+(m−s)j = q
(r−s)kukm−svn , (3.14)
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m−svn+(r−s)k+(m−r)j = q
(r−s)kukm−rvn , (3.15)
k∑
j=0
(−1)jq(r−s)(k−j)
(
k
j
)
ujm+ru
k−j
m+svn−(m+r)k+(r−s)j = (−1)
kukr−svn , (3.16)
k∑
j=0
q(r−s)j
(
k
j
)
ujr−su
k−j
m+svn−(r−s)k+(m+r)j = q
(r−s)kukm+rvn (3.17)
and
k∑
j=0
(−1)j
(
k
j
)
ujr−su
k−j
m+rvn+(r−s)k+(m+s)j = q
(r−s)kukm+svn . (3.18)
4 Summation identities not involving binomial coeffi-
cients
Theorem 5. The following identities hold for r, s, m, n and k arbitrary integers:
ur−s
k∑
j=0
q(s−r)jwk−jm+sw
j
m+rwn−(r−s)k+m+s+(r−s)j
= q(s−r)kunw
k+1
m+r − q
r−sun−(r−s)(k+1)w
k+1
m+s
(4.1)
and
ur−s
k∑
j=0
q(s−r)jwk−jm−rw
j
m−swn−(r−s)k+m−r+(r−s)j
= q(s−r)kunw
k+1
m−s − q
r−sun−(r−s)(k+1)w
k+1
m−r .
(4.2)
Proof. To prove identity (4.1), write identity (H) as
wm+run = q
r−swm+sun−(r−s) + ur−swn+m+s , (4.3)
identify h = wm+r, f1 = q
r−swm+s, f2 = ur−s, Xn = un, Yn = wn+m+s, c = r − s and
d = 0 and use these in Lemma 1. Identity (4.2) is obtained from identity (4.1) through the
transformation r → −s, s→ −r.
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Theorem 6. The following identities hold for arbitrary integers r, s, n, m and k:
− qr−sum−r
k∑
j=0
uk−jm−su
j
r−swn−(m−r)k−(m−s)+(m−r)j
= uk+1r−swn − u
k+1
m−swn−(m−r)(k+1) ,
(4.4)
(−1)kum−s
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm−ru
j
r−swn−(m−s)k−(m−r)+(m−s)j
= uk+1r−swn − (−1)
k+1q(r−s)(k+1)uk+1m−rwn−(m−s)(k+1) ,
(4.5)
ur−s
k∑
j=0
q(s−r)juk−jm−ru
j
m−swn−(r−s)k+(m−r)+(r−s)j
= q(s−r)kuk+1m−swn − q
r−suk+1m−rwn−(r−s)(k+1) ,
(4.6)
− qr−sum+s
k∑
j=0
uk−jm+ru
j
r−swn−(m+s)k−(m+r)+(m+s)j
= uk+1r−swn − u
k+1
m+rwn−(m+s)(k+1) ,
(4.7)
(−1)kum+r
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm+su
j
r−swn−(m+r)k−(m+s)+(m+r)j
= uk+1r−swn − (−1)
k+1q(r−s)(k+1)uk+1m+swn−(m+r)(k+1)
(4.8)
and
ur−s
k∑
j=0
q(s−r)juk−jm+su
j
m+rwn−(r−s)k+(m+s)+(r−s)j
= q(s−r)kuk+1m+rwn − q
r−suk+1m+swn−(r−s)(k+1) .
(4.9)
Proof. In Lemma 2, with Xn = wn, use the h, f1, f2, c and d obtained in the proof of
Theorem 4.
In particular, we have the following summation identities involving only numbers from
Lucas sequence of the first kind:
− qr−sum−r
k∑
j=0
uk−jm−su
j
r−sun−(m−r)k−(m−s)+(m−r)j
= uk+1r−sun − u
k+1
m−sun−(m−r)(k+1) ,
(4.10)
(−1)kum−s
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm−ru
j
r−sun−(m−s)k−(m−r)+(m−s)j
= uk+1r−sun − (−1)
k+1q(r−s)(k+1)uk+1m−run−(m−s)(k+1) ,
(4.11)
ur−s
k∑
j=0
q(s−r)juk−jm−ru
j
m−sun−(r−s)k+(m−r)+(r−s)j
= q(s−r)kuk+1m−sun − q
r−suk+1m−run−(r−s)(k+1) ,
(4.12)
9
− qr−sum+s
k∑
j=0
uk−jm+ru
j
r−sun−(m+s)k−(m+r)+(m+s)j
= uk+1r−sun − u
k+1
m+run−(m+s)(k+1) ,
(4.13)
(−1)kum+r
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm+su
j
r−sun−(m+r)k−(m+s)+(m+r)j
= uk+1r−sun − (−1)
k+1q(r−s)(k+1)uk+1m+sun−(m+r)(k+1) ,
(4.14)
and
ur−s
k∑
j=0
q(s−r)juk−jm+su
j
m+run−(r−s)k+(m+s)+(r−s)j
= q(s−r)kuk+1m+run − q
r−suk+1m+sun−(r−s)(k+1) ;
(4.15)
and the corresponding results involving numbers from Lucas sequences of both kinds:
− qr−sum−r
k∑
j=0
uk−jm−su
j
r−svn−(m−r)k−(m−s)+(m−r)j
= uk+1r−svn − u
k+1
m−svn−(m−r)(k+1) ,
(4.16)
(−1)kum−s
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm−ru
j
r−svn−(m−s)k−(m−r)+(m−s)j
= uk+1r−svn − (−1)
k+1q(r−s)(k+1)uk+1m−rvn−(m−s)(k+1) ,
(4.17)
ur−s
k∑
j=0
q(s−r)juk−jm−ru
j
m−svn−(r−s)k+(m−r)+(r−s)j
= q(s−r)kuk+1m−svn − q
r−suk+1m−rvn−(r−s)(k+1) .
(4.18)
− qr−sum+s
k∑
j=0
uk−jm+ru
j
r−svn−(m+s)k−(m+r)+(m+s)j
= uk+1r−svn − u
k+1
m+rvn−(m+s)(k+1) ,
(4.19)
(−1)kum+r
k∑
j=0
(−1)jq(r−s)(k−j)uk−jm+su
j
r−svn−(m+r)k−(m+s)+(m+r)j
= uk+1r−svn − (−1)
k+1q(r−s)(k+1)uk+1m+svn−(m+r)(k+1) ,
(4.20)
and
ur−s
k∑
j=0
q(s−r)juk−jm+su
j
m+rvn−(r−s)k+(m+s)+(r−s)j
= q(s−r)kuk+1m+rvn − q
r−suk+1m+svn−(r−s)(k+1) .
(4.21)
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5 Summation identities involving reciprocals
Theorem 7. The following identities hold for values of r, s, m, n, k for which the summand
is non-singular in the summation interval:
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
wk−jm+rw
j
m+swn+m+s−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun−r+s−(r−s)k+(r−s)j
= unw
k+1
m+r − q
(r−s)(k+1)un−(r−s)(k+1)w
k+1
m+s ,
(5.1)
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
wk−jm−sw
j
m−rwn+m−r−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun+s−r−(r−s)k+(r−s)j
= unw
k+1
m−s − q
(r−s)(k+1)un−(r−s)(k+1)w
k+1
m−r .
(5.2)
Proof. In Lemma 4, make the identification Xn = un and Yn = wn+m+s and use the f1, f2,
h, c and d obtained in the proof of Theorem 5.
Particular cases of identities (5.1) and (5.2) are the following:
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
uk−jm+ru
j
m+sun+m+s−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun−r+s−(r−s)k+(r−s)j
= unu
k+1
m+r − q
(r−s)(k+1)un−(r−s)(k+1)u
k+1
m+s ,
(5.3)
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
uk−jm−su
j
m−run+m−r−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun+s−r−(r−s)k+(r−s)j
= unu
k+1
m−s − q
(r−s)(k+1)un−(r−s)(k+1)u
k+1
m−r ;
(5.4)
and
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
vk−jm+rv
j
m+svn+m+s−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun−r+s−(r−s)k+(r−s)j
= unv
k+1
m+r − q
(r−s)(k+1)un−(r−s)(k+1)v
k+1
m+s ,
(5.5)
unun−(r−s)(k+1)ur−s
k∑
j=0
q(r−s)j
vk−jm−sv
j
m−rvn+m−r−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun+s−r−(r−s)k+(r−s)j
= unv
k+1
m−s − q
(r−s)(k+1)un−(r−s)(k+1)v
k+1
m−r .
(5.6)
Theorem 8. The following identities hold for values of r, s, m, n, k for which the summand
is non-singular in the summation interval:
−qr−sum−rwnwn−(m−r)(k+1)
k∑
j=0
uk−jr−su
j
m−swn−m+s−(m−r)k+(m−r)j
wn−(m−r)k+(m−r)jwn−(m−r)−(m−r)k+(m−r)j
= uk+1r−swn − u
k+1
m−swn−(m−r)(k+1) ,
(5.7)
um−swnwn−(m−s)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum−r
jwn−(m−r)−(m−s)k+(m−s)j
wn−(m−s)k+(m−s)jwn−(m−s)−(m−s)k+(m−s)j
= uk+1r−swn − (−1)
k+1q(r−s)(k+1)uk+1m−rwn−(m−s)(k+1) ,
(5.8)
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ur−swnwn−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm−su
j
m−rwn+m−r−(r−s)k+(r−s)j
wn−(r−s)k+(r−s)jwn−(r−s)−(r−s)k+(r−s)j
= uk+1m−swn − q
(r−s)(k+1)uk+1m−rwn−(r−s)(k+1) ,
(5.9)
−qr−sum+swnwn−(m+s)(k+1)
k∑
j=0
uk−jr−su
j
m+rwn−m−r−(m+s)k+(m+s)j
wn−(m+s)k+(m+s)jwn−(m+s)−(m+s)k+(m+s)j
= uk+1r−swn − u
k+1
m+rwn−(m+s)(k+1) ,
(5.10)
um+rwnwn−(m+r)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum+s
jwn−(m+s)−(m+r)k+(m+r)j
wn−(m+r)k+(m+r)jwn−(m+r)−(m+r)k+(m+r)j
= uk+1r−swn − (−1)
k+1q(r−s)(k+1)uk+1m+swn−(m+r)(k+1) ,
(5.11)
and
ur−swnwn−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm+ru
j
m+swn+m+s−(r−s)k+(r−s)j
wn−(r−s)k+(r−s)jwn−(r−s)−(r−s)k+(r−s)j
= uk+1m+rwn − q
(r−s)(k+1)uk+1m+swn−(r−s)(k+1) .
(5.12)
Proof. In Lemma 5, make the identification Xn = wn and use the f1, f2, h, c and d obtained
in the proof of Theorem 6.
In particular, we have the summation identities involving only numbers from Lucas sequence
of the first kind:
−qr−sum−runun−(m−r)(k+1)
k∑
j=0
uk−jr−su
j
m−sun−m+s−(m−r)k+(m−r)j
un−(m−r)k+(m−r)jun−(m−r)−(m−r)k+(m−r)j
= uk+1r−sun − u
k+1
m−sun−(m−r)(k+1) ,
(5.13)
um−sunun−(m−s)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum−r
jun−(m−r)−(m−s)k+(m−s)j
un−(m−s)k+(m−s)jun−(m−s)−(m−s)k+(m−s)j
= uk+1r−sun − (−1)
k+1q(r−s)(k+1)uk+1m−run−(m−s)(k+1) ,
(5.14)
ur−sunun−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm−su
j
m−run+m−r−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun−(r−s)−(r−s)k+(r−s)j
= uk+1m−sun − q
(r−s)(k+1)uk+1m−run−(r−s)(k+1) ,
(5.15)
−qr−sum+sunun−(m+s)(k+1)
k∑
j=0
uk−jr−su
j
m+run−m−r−(m+s)k+(m+s)j
un−(m+s)k+(m+s)jun−(m+s)−(m+s)k+(m+s)j
= uk+1r−sun − u
k+1
m+run−(m+s)(k+1) ,
(5.16)
um+runun−(m+r)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum+s
jun−(m+s)−(m+r)k+(m+r)j
un−(m+r)k+(m+r)jun−(m+r)−(m+r)k+(m+r)j
= uk+1r−sun − (−1)
k+1q(r−s)(k+1)uk+1m+sun−(m+r)(k+1) ,
(5.17)
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and
ur−sunun−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm+ru
j
m+sun+m+s−(r−s)k+(r−s)j
un−(r−s)k+(r−s)jun−(r−s)−(r−s)k+(r−s)j
= uk+1m+run − q
(r−s)(k+1)uk+1m+sun−(r−s)(k+1) ;
(5.18)
and the corresponding identities involving numbers from Lucas sequences of both kinds:
−qr−sum−rvnvn−(m−r)(k+1)
k∑
j=0
uk−jr−su
j
m−svn−m+s−(m−r)k+(m−r)j
vn−(m−r)k+(m−r)jvn−(m−r)−(m−r)k+(m−r)j
= uk+1r−svn − u
k+1
m−svn−(m−r)(k+1) ,
(5.19)
um−svnvn−(m−s)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum−r
jvn−(m−r)−(m−s)k+(m−s)j
vn−(m−s)k+(m−s)jvn−(m−s)−(m−s)k+(m−s)j
= uk+1r−svn − (−1)
k+1q(r−s)(k+1)uk+1m−rvn−(m−s)(k+1) ,
(5.20)
ur−svnvn−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm−su
j
m−rvn+m−r−(r−s)k+(r−s)j
vn−(r−s)k+(r−s)jvn−(r−s)−(r−s)k+(r−s)j
= uk+1m−svn − q
(r−s)(k+1)uk+1m−rvn−(r−s)(k+1) ,
(5.21)
−qr−sum+svnvn−(m+s)(k+1)
k∑
j=0
uk−jr−su
j
m+rvn−m−r−(m+s)k+(m+s)j
vn−(m+s)k+(m+s)jvn−(m+s)−(m+s)k+(m+s)j
= uk+1r−svn − u
k+1
m+rvn−(m+s)(k+1) ,
(5.22)
um+rvnvn−(m+r)(k+1)
k∑
j=0
(−1)jq(r−s)juk−jr−sum+s
jvn−(m+s)−(m+r)k+(m+r)j
vn−(m+r)k+(m+r)jvn−(m+r)−(m+r)k+(m+r)j
= uk+1r−svn − (−1)
k+1q(r−s)(k+1)uk+1m+svn−(m+r)(k+1)
(5.23)
and
ur−svnvn−(r−s)(k+1)
k∑
j=0
q(r−s)juk−jm+ru
j
m+svn+m+s−(r−s)k+(r−s)j
vn−(r−s)k+(r−s)jvn−(r−s)−(r−s)k+(r−s)j
= uk+1m+rvn − q
(r−s)(k+1)uk+1m+svn−(r−s)(k+1) .
(5.24)
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